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Abstract
In this paper we study subHopfalgebras of graded Hopf algebra structures on a path coalgebra kQc.
We prove that a Hopf structure on some subHopfquivers can be lifted to a Hopf structure on the whole
Hopf quiver. If Q is a Schurian Hopf quiver, then we classified all simple-pointed subHopfalgebras
of a graded Hopf structure on kQc. We also prove a dual Gabriel theorem for pointed Hopf algebras.
 2004 Elsevier Inc. All rights reserved.
Introduction
Given a quiver Q and field k, Chin and Montgomery [4] have dualized the construction
of the path algebra kQa to obtain the path coalgebra kQc; while Cibils and Rosso [7] have
introduced the notion of the Hopf quiver Q = Q(G,χ) of a group G with a ramification χ ,
and then constructed all the graded Hopf algebras with length grading on kQc . It turns out
that kQc admits a graded Hopf structure with length grading if and only if Q is a Hopf
quiver. For other works on constructing Hopf algebras via quivers see [2,3,6,9].
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this quiver techniques we refer Auslander, Reiten, Smalφ [1], and Ringel [17]. It is then
natural to study subcoalgebras of path coalgebra kQc, and the Hopf algebra structures on
subcoalgebras of kQc. This is the consideration of this paper.
If Q is a Schurian Hopf quiver and A is a graded Hopf structure on kQc , with
chark = 0, then we classified the all simple-pointed subHopfalgebras of A (Theorem 2.7).
If Γ = Q(H, r) is a subHopfquiver of the Hopf quiver Q = Q(G,χ) with G = N  H ,
then we prove that any Hopf structure on kΓ c can be lifted to a Hopf structure on kQc
(Theorem 3.2); we also give a dual version of the Gabriel theorem for pointed Hopf alge-
bras (Theorem 4.5).
1. The construction of Cibils and Rosso
1.1. Path coalgebras
A quiver Q = (Q0,Q1, s, t) is an oriented graph, where Q0 and Q1 are the sets of
vertices and of arrows, respectively, s and t are maps from Q1 to Q0, with s(α) and t (α)
being the starting and the ending vertex of α, respectively. Assume that Q0 and Q1 are
countable sets. A path p of length l in Q is a sequence p = αl · · ·α1 of arrows αi with
t (αi) = s(αi+1), 1 i  l − 1. Vertices are regarded as paths of length 0.
Denote by kQ the k-space with basis the set of all paths in Q. Then kQ =⊕n0 kQn,
where kQn is the k-space with basis the set of all paths of length n. By definition (see [4]),
the path coalgebra kQc is the coalgebra with underlying space kQ, with comultiplication
given by
∆(p) =
∑
βα=p
β ⊗ α,
and counit by ε(p) = 0 if path p is of length  1 and ε(p) = 1 if p is of length 0.
For a coalgebra C, the set of group-like elements is G(C) := {0 = c ∈ C | ∆(c)= c⊗c}.
A coalgebra C is said to be pointed if each simple subcoalgebra of C is of dimension one.
For x, y ∈ G(C), denote by Px,y(C) := {c ∈ C | ∆(c) = c ⊗ x + y ⊗ c}, the set of x, y-
primitive elements in C. An x, y-primitive element c is said to be non-trivial if c /∈ k(x−y).
The proof of the following useful fact is straightforward.
Lemma. Let C be a subcoalgebra of kQc . Then
(i) C is pointed with G(C) = Q0 ∩C.
(ii) For x, y ∈ G(C) we have Px,y(C) = k(x − y) ⊕ (C ∩ ykQx1), where ykQx1 is the
k-space spanned by all arrows from x to y .
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A path coalgebra is in fact a cotensor coalgebra, and hence enjoys the universal property.
Recall these from [14] and [15] (see also [13]).
Let M be a C-bicomodule, with structure maps δR and δL. Set M0 :=C, M1 := M.
For n 2, define the nth cotensor product Mn to be the kernel of the k-map:
M⊗n f→ (M ⊗C ⊗M ⊗ · · · ⊗M)⊕ (M ⊗M ⊗C ⊗ · · · ⊗M)⊕ · · ·
⊕ (M ⊗M ⊗ · · · ⊗C ⊗M)
with f = (δR ⊗ id ⊗· · ·⊗ id − id ⊗ δL ⊗· · ·⊗ id, id ⊗ δR ⊗ id ⊗· · ·⊗ id − id ⊗ id ⊗ δL ⊗
· · · ⊗ id, . . . , id ⊗ id ⊗ · · · ⊗ δR ⊗ id − id ⊗ id ⊗ · · · ⊗ id ⊗ δL).
Set CoTC(M) := C ⊕ M ⊕M2 ⊕ · · · ⊕Mn ⊕ · · ·. Then CoTC(M) has a coalgebra
structure, which is called the cotensor coalgebra of bicomodule M over C: the counit ε is
given by ε|Mi = 0 for i  1, and ε|C = εC ; the comultiplication is given by ∆|C := ∆C ,
∆|M := δL ⊕ δR , and for∑m1 ⊗ · · · ⊗mn ∈ Mn, n 2,
∆
(∑
m1 ⊗ · · · ⊗mn
)
:=
∑
δL(m1)⊗m2 ⊗ · · · ⊗mn +
∑
m1 ⊗ (m2 ⊗ · · · ⊗mn) + · · ·
+
∑
(m1 ⊗m2 ⊗ · · · ⊗mn−1)⊗mn +
∑
m1 ⊗ · · · ⊗mn−1 ⊗ δR(mn)
∈ (C ⊗Mn)⊕ (M ⊗M(n−1))⊕ · · · ⊕ (M(n−1) ⊗M)⊕ (Mn ⊗C)
⊆ CoTC M ⊗ CoTC(M).
Note that for any quiver Q, kQn is a kQ0-bicomodule for n 0 via δL(p) := t (p)⊗ p
and δR(p) := p ⊗ s(p); and that kQc 	 CoTkQ0(kQ1) as coalgebras.
We need the following universal property (see, e.g., [7], also [15]).
Lemma. Let X ψ−→ CoTC(V ) be a coalgebra map. Set ψn := pnψ :X → Vn to be the
projection. Then ψ0 :X → C is a coalgebra map, and ψ1 :X → V is a C-bicomodule
map, where X has the induced C-bicomodule structure via ψ0; for n 2, ψn is exactly the
C-bicomodule map given by the composition
ψn :X
∆−→ X ⊗X ∆⊗id−−−−→X ⊗X ⊗X → ·· · →X ⊗X ⊗ · · · ⊗X ψ
⊗n
1−−−−→ V ⊗n.
That is, ψ is uniquely determined by ψ0 and ψ1.
Conversely, let ψ0 :X → C be a coalgebra map, and ψ1 :X → V a C-bicomodule map.
Let ψn :X → V ⊗n be the composition given as above. Then ψn is a C-bicomodule map
with Im(ψn) ⊆ Vn. If for each x ∈X there are only finite i such that ψi(x) = 0, then
ψ :=∑i0 ψi :X → CoTC(V ) is a coalgebra map.
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Let H be a Hopf algebra. An H -Hopf bimodule M is an H -bimodule and simulta-
neously an H -bicomodule such that the structure maps δL :M → H ⊗ M and δR :M →
M ⊗H are both H -bimodule maps, where the H -module structures of H ⊗M and M ⊗H
are diagonal.
Let C be a coalgebra, and x, y ∈ C. For a C-bimodule M , denote
yMx := {m ∈M | δL(m) = y ⊗m, δR(m) = m⊗ x}.
The following theorem gives the description of the category B(kG) of kG-Hopf bimod-
ules by the module categories of subgroups of G.
Theorem (Cibils–Rosso [6]). For each conjugacy class C of G, choose an element
u(C) ∈ C, and let ZC be the centralizer of u(C) in G. Then B(kG)	∏C∈C mod kZC.
More precisely, let M ∈ B(kG). Then u(C)M1 ∈ mod kZC via m · g := g−1mg,
∀g ∈ZC , m ∈ u(C)M1. Conversely, let M = (MC)C∈C ∈
∏
C∈C mod kZC . Then V(M) :=⊕
C∈C kG⊗MC ⊗kZC kG has a kG-Hopf bimodule structure with yV(M)x = x ⊗MC ⊗
gi, and a kZC -module isomorphism u(C)V(M)1 	 MC , where gi is an element in G such
that g−1i u(C)gi = x−1y .
(Note that the left kG-module V(M) is trivial, the right kG-module V(M) is diagonal,
and the kG-bicomodule structure of V(M) is defined as δL(g⊗mC ⊗gi) = gg−1i u(C)gi ⊗
(g ⊗mC ⊗ gi) and δR(g ⊗mC ⊗ gi) = (g ⊗mC ⊗ gi)⊗ g.)
1.4. Hopf quivers
Let G be a group, with a ramification χ (i.e., a function χ :C → N0), denoted by
χ =∑C∈C χCC, where C is the set of conjugacy classes of G. By definition [7], the corre-
sponding Hopf quiver Q = Q(G,χ) has the set of vertices Q0 = G, and for each x ∈Q0,
c ∈C ∈ C , one has χC arrows from x to cx .
The following theorem answers the question that on which quivers one can construct
graded Hopf algebras with length grading.
Theorem (Cibils–Rosso [7]). Let Q be a quiver. Then the following are equivalent:
(i) Q is the Hopf quiver of some (G,χ);
(ii) Q0 is a group and kQ1 is a kQ0-Hopf bimodule with δL(p) := t (p)⊗p and δR(p) :=
p ⊗ s(p) for each arrow p;
(iii) kQc admits a graded Hopf structure with length grading.
1.5. Concrete construction
Given a Hopf quiver Q = Q(G,χ) with χ = ∑C∈C χCC, in order to construct a
graded Hopf structure on kQc with length grading, firstly, we construct a kG-Hopf
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choose a right kZC -module MC of dimension χC , where ZC is the centralizer of u(C)
in G, and set M := (MC)C∈C ∈
∏
C∈Cmod kZC . This gives a KG-Hopf bimodule
V(M) := ⊕C∈C kG ⊗ MC ⊗kZC kG. Secondly, make kQ1 into a kQ0-Hopf bimod-
ule: since kQ1 = ⊕x,y∈G ykQx1 and V(M) = ⊕x,y∈G yV(M)x , with dimk ykQx1 =
dimk yV(M)x = χ[x−1y], we can identify kQ1 with V(M) by identifying ykQx1 with
yV(M)x . Finally, construct the corresponding graded, associative multiplication on kQc
as follows: let ψ0 be the composition
X
p0⊗p0−−−−→ kQ0 ⊗ kQ0 → kQ0,
where X = kQc ⊗ kQc, and ψ1 be the composition
X
p0⊗p1⊕p1⊗p0−−−−−−−−−→ (kQ0 ⊗ kQ1)⊕ (kQ1 ⊗ kQ0) → kQ1.
Then ψ0 is a coalgebra map and ψ1 is a kQ0-bicomodule map. Then by Lemma 1.2 we
have a coalgebra map
ψ : kQc ⊗ kQc → kQc 	 CoTkQ0(kQ1).
In this way one gets a graded associative multiplication ψ on kQc . Since a pointed bial-
gebra whose set of group-like elements is a group is a Hopf algebra (see Takeuchi [20]), it
follows that (kQ,ψ,∆) is a graded Hopf algebra.
By construction we have in particular
β · α = [t (β).α][β.s(α)]+ [β.t (α)][s(β).α] (∗)
for any arrows α and β in Q, where [t (β).α] denotes the action of t (β) on α.
Note that any graded Hopf structure on kQc is given by the construction of Cibils–Rosso
described above. For details we refer to [7].
2. Simple-pointed Hopf algebras of Schurian Hopf quivers
2.1. Radford introduced the concept of simple-pointed Hopf algebra, and classified
finite-dimensional, simple-pointed Hopf algebras over an algebraically closed field. Recall
that a Hopf algebra H is simple-pointed if H is pointed, not cocommutative, and if L is a
proper subHopfalgebra of H then L⊆ H0. See [16].
Given a graded Hopf structure A on kQc , we are interested in determining all possible
(not necessarily finite-dimensional) simple-pointed subHopfalgebras H of A. The aim of
this section is to do this for Q a Schurian Hopf quiver.
By definition, a Hopf quiver Q = Q(G,χ) is said to be Schurian if χC  1 for each
conjugacy class C of G. That is, for each pair (x, y) of vertices of Q, there are at most one
arrow from x to y .
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binomial coefficient is defined to be
(
l+m
l
)
q
:= (l +m)!q/l!qm!q, where l!q := 1q · · · lq ,
0!q := 1, lq := 1 + q + · · · + ql−1.
2.3. Denote by Zn the basic cycle of length n, i.e., Zn is the quiver with set of vertices
the cyclic group {1, g, . . . , gn−1}, and a unique arrow αi from gi to gi+1 for each 0 i 
n− 1. Then Zn is a Schurian Hopf quiver of the cyclic group 〈g〉 with ramification χC = 0
for C = [g], and 1 for C = [g]. Let pli denote the path in Zn of length l starting at gi (thus,
p0i = gi , p1i = αi ). For each nth root q ∈ k of unity, Cibils and Rosso [7] have defined a
graded Hopf algebra structure kZn(q) (with length grading) on the path coalgebra kZcn by
pli · pmj = qjl
(
l +m
l
)
q
pl+mi+j (∗∗)
with antipode S mapping pli to (−1)lq−l(l+1)/2−ilpln−l−i .
Note that if q = 1 and chark = 0, then by (∗∗) we see that g and α0 are generators of
kZn(1), since
(
l+m
l
) = 0 for any l and m.
2.4. Denote by Cd(n), d  2, the subcoalgebra of kZcn with basis the set of all paths
of length strictly less than d .
If q is an nth root of unity, with multiplicative order d  2, then
(
l+m
l
)
q
= 0 for m,
l  d − 1, l +m d . It follows from (∗∗) that Cd(n) is a subHopfalgebra of kZn(q).
Denote this Hopf algebra by Cd(n, q). Note that
(
l +m
l
)
q
= 0 for l +m d − 1,
and hence by (∗∗) we deduce that Cd(n, q) is generated by g and α0 as an algebra.
Let q is an nth root of unity, with multiplicative order d  2. Recall that by definition
An,d(q) is an associative algebra generated by elements g and x , with relations
gn = 1, xd = 0, xg = qgx.
Then An,d(q) is a Hopf algebra with
∆(g) = g ⊗ g, ∆(x)= x ⊗ 1 + g ⊗ x, 
(g) = 1, 
(x) = 0,
S(g) = g−1 = gn−1, S(x) = −xg−1 = −q−1gn−1x.
In particular, if q is an nth primitive root of unity, then An,d(q) is the n2-dimensional
Hopf algebra introduced by Taft [19]. For this reason An,d(q) is called a generalized Taft
algebra in [10]. Mapping g to g and x to α0, we get a Hopf algebra isomorphism An,d(q) 	
Cd(n, q).
2.5. Denote by A∞∞ the quiver with set of vertices the infinite cyclic group 〈g〉, and a
unique arrow αi from gi to gi+1 for each i ∈ Z. Then A∞∞ is a Schurian Hopf quiver of
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denote the path in A∞∞ of length l starting at gi . For each 0 = q ∈ K , Cibils and Rosso [7]
have defined a graded Hopf algebra structure kA∞∞(q) (with length grading) on the path
coalgebra kA∞∞c, with multiplication given again by (∗∗).
If q is not a root of unity, then by (∗∗) we see that g and α0 are generators of kA∞∞(q),
since in this case
(
l+m
l
)
q
= 0 for any l and m.
If q is a root of unity of order d  2, then by (∗∗) we see that the subalgebra of kA∞∞(q)
generated by g and α0 is an infinite-dimensional Hopf algebra spanned by all paths of
lengths strictly less than d , which is denoted by kA∞∞(d, q). This is because that
(
l +m
l
)
q
= 0 for m, l  d − 1, l +m d, and
(
l +m
l
)
q
= 0 for l +m d − 1.
If q = 1 and chark = 0, then by (∗∗) we see that g and α0 are generators of kA∞∞(1).
Lemma 2.6. Let A be a graded Hopf structure on a Schurian Hopf quiver Q = Q(G,χ),
and α : 1 → g be an arrow of Q, where 1 is the identity element of group G.
(i) If the order o(g) = n, then A has a subHopfalgebra isomorphic to kZn(q).
(ii) If o(g) = ∞, then A has a subHopfalgebra isomorphic to kA∞∞(q).
Proof. By the definition of the Schurian Hopf quiver we see that χ[g] = 1, where [g] is
the conjugacy class. If o(g) = n, then Q has a subquiver Zn with arrows αi :gi → gi+1
for each 0  i  n − 1, where α = α0. We claim that the product of pli and pmj in A is
again given by the formula (∗∗), with q an nth root of unity in k, and hence A has a
subHopfalgebra isomorphic to kZn(q).
In order to prove this, note that the algebra structure of A is determined by a kG-
Hopf bimodule V(M), where M = (MC)C∈C ∈
∏
C∈C mod kZC , with dimk MC = χC
(see 1.5), and V is the functor defined in Theorem 1.3. Choose u(C) such that u([g]) = g
(see Theorem 1.3). Since χ[g] = 1, it follows that dimk M[g] = 1. Set M[g] = kv with
vg = qv for an nth root q of unity. Identify kQ1 with V(M). In this identification we
have gi+1(kQ1)g
i = gi+1(kQ1)gi = k(gi ⊗ v ⊗kZ[g] 1), and hence we may identify αi with
gi ⊗ v ⊗kZ[g] 1. It follows that
gαi = g
(
gi ⊗ v ⊗kZ[g] 1
)= gi+1 ⊗ v ⊗kZ[g] 1 = αi+1
and
αig =
(
gi ⊗ v ⊗kZ[g] 1
)
g = gi+1 ⊗ v ⊗kZ[g] g = gi+1 ⊗ vg ⊗kZ[g] 1
= qgi+1 ⊗ v ⊗kZ[g] 1 = qαi+1.
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m
j in A is uniquely determined by the actions of gj
on αi for i, j = 0,1, . . . , n − 1 (for details we refer to Theorem 3.8 in [7]), and hence the
product of pli and p
m
j in A is again given by the formula (∗∗) (for details we refer to the
proof of Proposition 3.17 in [7]). For example, by (∗) in 1.5 we have
αiαj =
[
t (αi).αj
][
αi .s(αj )
]+ [αi .t (αj )][s(αi).αj ]
= [gi+1.αj ][αi .gj ]+ [αi.gj+1][gi .αi]
= qjαi+j+1αi+j + qj+1αi+j+1αi+j = qj
(
2
1
)
q
αi+j+1αi+j .
This proves (i), and (ii) is similarly proved. 
The main result of this section is as follows.
Theorem 2.7. Let Q be a Schurian Hopf quiver and H be a subHopfalgebra of a graded
Hopf algebra structure on kQc with chark = 0. Then H is simple-pointed if and only if H
is isomorphic as a Hopf algebra to one of the following:
(i) Cd(n, q), for an nth root q of unity with multiplicative order d  2.
(ii) kZn(1) for some n 1.
(iii) kA∞∞(q), where 0 = q ∈ k is not a root of unity.
(iv) kA∞∞(d, q), where q is a primitive d th root of unity, d  2.
(v) kA∞∞(1) for some n 1.
Proof. First, we claim that any Hopf algebra H given in (i)–(v) is simple-pointed. Assume
that L is a subHopfalgebra of H which is not contained in kG, where G = G(H) = 〈g〉.
Denote by {Ln} the coradical filtration of L. Since L = L0, it follows that L1 = L0, and
hence by the Taft–Wilson theorem (see, e.g., [12, p. 68]) that there is a non-trivial x, y-
primitive element α ∈L for some x, y ∈ G(L), and hence x−1α is a non-trivial 1, x−1y-
primitive element in L. While by the quiver structure of A∞∞ (or of Zn) we have x−1y = g
and P1,g(H) = k(1 − g) ⊕ kα0. It follows that α0 ∈L. Since in all cases of (i)–(v), g and
α0 are generators of H , it follows that L = H . This proves that H is simple-pointed.
Conversely, let H be a simple-pointed subHopfalgebra of A, where A is a graded Hopf
structure on Schurian Hopf quiver Q = Q(G,χ). Since H = H0, it follows that H1 = H0,
and hence by the Taft–Wilson theorem that there is a non-trivial x, y-primitive element
α ∈H for some x, y ∈ G(H), and hence x−1α is a non-trivial 1, x−1y-primitive element
in H . This means that in quiver Q there is an arrow α0 : 1 → g := x−1y . Since Q is
Schurian and x−1α ∈H , it follows that α0 ∈ H .
If o(g) = n, then by Lemma 2.6 A has a subHopfalgebra L 	 kZn(q). If o(q)= d  2,
then the subalgebra of L generated by g and α0 is isomorphic to Cd(n, q); and if d = 1,
then the subalgebra of L generated by g and α0 is isomorphic to kZn(1). In both cases, this
subalgebra is a subHopfalgebra and contained in H . While H is simple-pointed, it follows
that H 	 Cd(n, q) with d  2, or H 	 kZn(1).
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algebras given in (iii)–(v). 
3. SubHopfquivers
Definition 3.1.
(i) Let G be a group with ramification χ , and H be a group with ramification r . We
say (H, r) (G,χ) provided that H is a subgroup of G, and r[h]H  χ[h]G , ∀h ∈ H,
where [h]H and [h]G denote the conjugacy class of h in H and in G, respectively.
(ii) If (H, r) (G,χ), then the Hopf quiver Γ = Q(H, r) of (H, r) is said to be a sub-
Hopfquiver of the Hopf quiver Q = Q(G,χ) of (G,χ).
Given a Hopf quiver Q and a subHopfquiver Γ of Q, it is natural to ask that when a
Hopf structure B on kΓ c can be lifted to a Hopf structure on kQc . For this we have
Theorem 3.2. Let Q = Q(G,χ) be the Hopf quiver of (G,χ), and Γ = Q(H, r) a sub-
Hopfquiver of Q, with G = N  H for some normal subgroup N of G. Then for each
graded Hopf structure B (with length grading) on kΓ c, there is a graded Hopf structure A
(with length grading) on kQc, such that B is a subHopfalgebra of A.
In order to prove the theorem we need some preparations. By the construction of a
cotensor coalgebra, it is straightforward to verify the following fact.
Lemma 3.3. Let C and D be coalgebras, U and V be a C-bicomodule and a D-bicomo-
dule, respectively. If f0 :D → C is a coalgebra map, and f1 :V → U is a C-bicomodule
map, where V has the induced C-bimodule structure via f0, then there exists a unique
coalgebra, graded map f : CoTD(V ) → CoTC(U) with fn :Vn → Un being exactly
the restriction of f⊗n1 :V⊗n →U⊗n to Vn, n 2.
Moreover, f is injective if and only if f0 and f1 are injective.
Note that the last assertion follows from a theorem duo to Heyneman and Radford (see
[11], or [12, Theorem 5.3.1]).
Lemma 3.4. Let H be a subgroup of G, V and U be a kH and a kG-Hopf bimodules,
respectively. Denote by B and A the corresponding induced graded Hopf structures on
CoTkH (V ) and on CoTkG(U), respectively. If f1 :V → U is a kH -bimodule map, and
simultaneously a kG-bicomodule map, where V has the induced kG-bicomodule structure
via the coalgebra embedding kH → kG, then there exists a unique graded Hopf algebra
map f :B →A with fn = f⊗n1 |Vn , n 2.
Moreover, f is injective if and only if f1 is injective.
Proof. By Lemma 3.3 it remains to prove that f is an algebra map, i.e., fmB = mA(f ⊗
f ). Set ψ = fmB and ψ ′ = mA(f ⊗ f ). Since both maps are coalgebra maps, it follows
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B → AU . This follows from the assumption that f1 is a kH -bimodule map. 
3.5. Let G = N  H for some normal subgroup N of G. Denote by CG and CH the
set of conjugacy classes of G and H , respectively. Set C1 := {C ∈ CG | C ∩ H = ∅} and
C2 := {C ∈ CG | C ∩H = ∅}.
Since G = N  H , it follows that for each conjugacy class C of G in C1, there is only
one conjugacy class of H contained in C. It follows that, for each C ∈ CG, we can always
fix an element u(C) in C, such that if C ∈ C1, then u(C) ∈H .
(In fact, if h1 ∼ h2 in G, then h2 = nhh1h−1n−1 for some n ∈ N , h ∈ H . Set h′ :=
hh1h−1 ∈H . Then h′−1(nh′n−1) = h′−1h2 ∈ H ∩N = {1}. Thus, h2 = h′ = hh1h−1, i.e.,
h1 ∼ h2 in H .)
Denote by ZG(u(C)) and ZH(u(C)) the centralizer of u(C) in G and in H , respectively.
Then for each C ∈ C1 we have ZG(u(C)) = ZN(u(C))  ZH(u(C)).
(In order to see this, note that ZG(u(C)) = ZN(u(C))ZH (u(C)) with ZN(u(C)) =
N ∩ZG(u(C)) being normal in ZG(u(C)). In fact, if nh ∈ ZG(u(C)) with n ∈ N , h ∈ H ,
then
hu(C)h−1
(
u(C)
)−1 = n−1u(C)n(u(C))−1 ∈N ∩H = {1},
which implies n ∈ ZN(u(C)) and h ∈ZH(u(C)).)
Lemma 3.6. Let (H, r)  (G,χ) with G = N  H . Then for each kH -Hopf bimod-
ule V with dimk(u(c)V 1) = rC , ∀C ∈ CH , there exists a kG-Hopf bimodule U with
dimk(u(C)U1) = χC , ∀C ∈ CG, such that V is kH -subbimodule of U , and simultaneously
a kG-subbicomodule of U , where V has the induced kG-bicomodule structure via embed-
ding kH ↪→ kG.
Proof. By Theorem 1.3 we have V = V(N) for some
N = (NC)C∈CH ∈
∏
C∈CH
mod kZH
(
u(C)
)
with dimk NC = rC , where V(N) is defined as in Theorem 1.3. Now, construct
M = (MC)C∈CG ∈
∏
C∈CG
mod kZG
(
u(C)
)
with dimk MC = χC as follows. If C ∈ C2, then just choose a right kZG(u(C))-module MC
of dimension χC , say the trivial module. If C ∈ C1, then define
MC := SC ⊕NC, where SC is a right kZN
(
u(C)
)
-module of dimension χC − rC,
with action of ZG(u(C)) = ZN(u(C))  ZH(u(C)) on MC being diagonal.
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bimodule. By the construction given in Theorem 1.3 the assertion follows. 
3.7. Proof of Theorem 3.2. By 1.5 the graded Hopf structure B on kΓ c corresponds a
kH -Hopf bimodule V with dimk(u(C)V 1) = rC , C ∈ CH . Then the assertion follows from
Lemmas 3.6 and 3.4. 
4. Dual Gabriel theorem for pointed Hopf algebras
4.1. Let C be a coalgebra, D and E two subspaces of C. The wedge of D and E
is defined to be D ∧ E := ∆−1(D ⊗ C + C ⊗ E) (see, e.g., [18]). Montgomery [13]
has introduced the quiver Γ (C) of C as follows: the vertices of Γ (C) are isoclasses of
simple subcoalgebras of C; for two simple subcoalgebras S1 and S2, there are exactly
dimk((S1 ∧ S2)/(S1 + S2)) arrows from S1 to S2.
The following fact was observed in [5], see also [13, p. 2345].
Lemma 4.2. Let C be a coalgebra, x, y ∈ G(C). Then we have
dimk
(
(ky ∧ kx)/(kx + ky))= dimk Px,y(C)− 1.
That is, the number of arrows from kx to ky in Γ (C) is exactly dimk Px,y(C)− 1.
4.3. Now, let C be a pointed Hopf algebra with G(C) = G. By Lemma 4.2 the quiver
Γ (C) in this case can be interpreted as: the set of vertices of Γ (C) is G; for x, y ∈G,
the number of arrows from x to y is dimk Px,y(C) − 1. For example, the quiver of path
coalgebra kQc is exactly Q, i.e., Γ (kQc) = Q.
Proposition 4.4. Let H be a pointed Hopf algebra. Then Γ (H) is a Hopf quiver.
Proof. For any x, z, z′ ∈ G(H) with z, z′ conjugate in G(H), we have dimk Px,zx =
dimk Px,z′x . In fact, if z′ = gzg−1, then c → gcx−1g−1x gives a one to one correspon-
dence from Px,zx to Px,gzg−1x . 
Chin and Montgomery have proved that if C is a pointed coalgebra, then C can be
embedded into k(Γ (C))c such that C ⊇ k(Γ (C))0 ⊕ k(Γ (C))1 (see [4, Theorem 4.3]).
This is the dual Gabriel theorem for pointed coalgebras.
Let H be a pointed Hopf algebra with coradical filtration {Hn}. Then by Lemma 5.2.8
in [12] that gr(H) := H0 ⊕ H1/H0 ⊕ · · · ⊕ Hn/Hn−1 ⊕ · · · has the induced graded Hopf
structure. The following result can be regarded as a dual Gabriel theorem for pointed Hopf
algebras.
Theorem 4.5. Let H be a pointed Hopf algebra. Then there exists a Hopf structure A on
path coalgebra k(Γ (H))c such that there is a graded Hopf algebra embedding gr(H) ↪→ A
such that gr(H)⊇ k(Γ (H))0 ⊕ k(Γ (H))1.
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It follows from Theorem 1.4 that kQc admits a graded Hopf structure. We choose such
a Hopf structure A on kQc as follows. By the Taft–Wilson theorem we have H1/H0 =⊕
x,y∈GP ′x,y(H), where P ′x,y(H) is a subspace of Px,y(H) such that Px,y(H)= k(x − y)
⊕ P ′x,y(H). Since the number of arrows from x to y in Q is exactly dimk P ′x,y(H), it
follows that one can identify ykQx1 with P ′x,y(H). Under this identification, for each arrow
α starting at x and ending at y , and g ∈ G, the product gα and αg are both non-trivial
gx,gy-primitive elements of H , it follows that
gα = h+ β
with h ∈ k(gx − gy) and β ∈ P ′gx,gy(H). This makes kQ1 a left kG-Hopf module by
defining gα = β . Similarly, we have a kG-Hopf bimodule kQ1, and then we obtain the
corresponding graded Hopf structure A on kQc.
In order to get a coalgebra map ψ : gr(H) → kQc = CoTkQ0(kQ1), by Lemma 1.2
it suffices to construct a coalgebra map ψ0 : gr(H) → kQ0, and a kQ0-bicomodule
map ψ1 : gr(H) → kQ1, such that for each x ∈ gr(H) there are only finite i with
ψi(x) = 0, where ψi is defined as in Lemma 1.2. In fact, set ψ0 to be the projection
gr(H) → (gr(H))0 = H0 = kG, and ψ1 to be the projection gr(H) →⊕x,y∈GP ′x,y(H) =
kQ1. Since {⊕in Hi/Hi−1} is the coradical filtration of gr(H), we deduce that
ψn(Hm/Hm−1) = 0 for n = m. It follows that we have a coalgebra map ψ : gr(H) → kQc
which is graded. Since ψ|gr(H)0⊕gr(H)1 is injective, it follows from a theorem due to Heyne-
man and Radford (see [11], or [12, Theorem 5.3.1]) that ψ is injective.
It remains to prove that ψ is a Hopf algebra map, or, that ψ is an algebra map, i.e.,
ψmgr(H) = mA(ψ ⊗ ψ), where mA and mgr(H) denotes respectively the multiplication of
A and gr(H). Set φ := ψmgr(H) and φ′ := mA(ψ ⊗ψ). Then both φ and φ′ are coalgebra
maps from gr(H) ⊗ gr(H) to A. By the constructions of ψ and A we see that φ0 = φ′0
and φ1 = φ′1, where φi and φ′i , i = 0,1, are defined as in Lemma 1.2. It follows from
Lemma 1.2 that φ = φ′. This completes the proof. 
4.6. Note that a Hopf quiver Q(G,χ) is connected if and only if the union
⋃
χ
C
=0 C
generates G. We point out here, by a theorem of Montgomery, it is clear that in some sense
we may restrict ourselves to connected Hopf quivers.
In fact, let Q be the Hopf quiver of (G,χ) with connected components {Γi}, and 1 =
1G ∈ Γ1, Ni the set of vertices of Γi . Then it is straightforward to verify that N1 is a normal
subgroup of G and G = N ∪ N2 ∪ · · · ∪ Nt ∪ · · · is the coset decomposition of G respect
to N ; that Γ1 is the Hopf quiver of (N1, r), where rD = χC if the conjugacy class D of N
is contained in a conjugacy class C of G, and Γi is isomorphic to Γ1 as quivers; and that
χC = 0 for each conjugacy class C of G with C ∩N = ∅.
In [13, Theorem 2.1 and Corollary 2.2], Montgomery proved that if C is a coalgebra
with Γ (C) having connected components {Γi}, then C =⊕i Ci , where Ci is indecom-
posable as a coalgebra with Γ (Ci) = Γi for each i . In particular, C is indecomposable
if and only if Γ (C) is a connected quiver, see also [8]. In [13] Theorem 3.2 it is proved
that if H is a pointed Hopf algebra with G = G(H), then H(1) is a subHopfalgebra with
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ponent of H containing 1, and H is a crossed product of H(1) #σ k(G/N) with cocycle
σ :G/N ×G/N →N .
By Montgomery’s result cited above we immediately have
Corollary 4.7. Let Q be the Hopf quiver of (G,χ) and Γ(1) the connected component of
Q containing 1. Then for each Hopf structure H on kQc , H(1) = k (Γ(1))c is a subHopfal-
gebra of H such that H 	 H(1) #σ k(G/N) with cocycle σ :G/N ×G/N → N , where N
is the normal subgroup of G consisting of vertices of Γ(1).
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